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Introduction
Let X and Y be real Banach spaces. A nonzero linear bounded operator G : X → Y is called a Daugavet center if for every rank-1 operator T : X → Y the equation [2] . The concept of a Daugavet center was invented as a generalization of the concept of the Daugavet property [6] : a Banach space X has the Daugavet property if the identity operator Id : X → X is a Daugavet center. For an arbitrary Daugavet center G : X → Y two sets of operators acting from X were introduced and studied in [1] , namely the set of G-strong Daugavet operators and the set of G-narrow operators.
It was shown in [1] that if for a linear bounded operator G there exists at least one G-narrow operator, then G is a Daugavet center. If G : X → Y is a Daugavet center, then all weakly compact operators, all strong Radon-Nikodým operators, and all operators not fixing a copy of 1 acting from X are G-narrow.
In [1] we have presented examples of such Daugavet centers G 1 and G 2 acting from the same space X that the sets of all In Section 3 of the present paper we study in detail the sets of all G 1 -narrow and G 2 -narrow operators for a special type of Daugavet centers G 1 and G 2 . Namely, we take an arbitrary Daugavet center G 1 : X → Y and consider G 2 = J • G 1 , where J is the natural embedding of Y into a larger Banach space E. We prove that E can be equivalently renormed in such a way that the new norm coincides with the original one on Y and the sets of all G 1 -narrow and (J • G 1 )-narrow operators coincide, see Theorem 3.6. In the proof we use the renorming technique described in [2] . This result permits to simplify the proof of the fact from [5] that the set of all narrow operators acting from L 1 into L 1 or from C (K ) into an arbitrary Banach space is a linear space.
In addition, in Section 3 we present an example of a Daugavet center G : X → Y and an embedding J of Y into a larger Banach space E such that J • G is a Daugavet center, but the sets of G-narrow and (J • G)-narrow operators differ. This example shows that it indeed depends on the properties of the norm of E, whether the sets of all G-narrow and (J • G)-narrow operators coincide or not.
It was proved in [2] that if G : X → Y is a Daugavet center, then X and Y contain copies of 1 , are not reflexive and do not have an unconditional basis. In Section 4 we study the following problem. Let G : X → Y be a Daugavet center, what properties must a subspace E ⊂ X have in order to ensure that the restriction G E is a Daugavet center as well. We generalize the results from [7, Section 5] , introduce the notion of a G-rich subspace of X and obtain that G E is a Daugavet center in the following cases, in particular:
• E is a finite-codimensional subspace of X ;
• X /E contains no copy of 1 ; • X /E or (X /E) * has the Radon-Nikodým property.
Notation and auxiliary facts
Throughout the paper we deal with real Banach spaces and denote them by X Y Z and E. We denote the unit ball of X by B(X ) and its sphere by S(X ). The symbol L(X Y ) means the space of all linear bounded operators acting from X into Y . We use the notation S(
for the slice of B(X ), generated by * ∈ S(X * ) and ε > 0.
Note that the definition of a Daugavet center implies the equation G + T = G + T for every ≥ 0. This means that G is a Daugavet center if and only if G/ G is. Therefore below we consider only the case G = 1.
Now we review some definitions and results from [1, 2, 7 ] that we will need in the sequel.
Theorem 2.1 ([2, Theorem 2.1]).
For G ∈ S(L(X Y )) the following assertions are equivalent:
(ii) For every
In [1] we proved a characterization of a G-strong Daugavet operator in terms of the following collection of sets. 
Definition 2.2 ([1, Definition 5]).

Let G ∈ S(L(X Y )). For every ∈ S(X ), ∈ S(Y ) and ε > 0 let us define the set
D G ( ε) = ∈ X : G + G + > 2 − ε and + < 1 + ε
Lemma 2.3 ([1, Proposition 2]).
Let G ∈ S(L(X Y )). A linear bounded operator T acting from X is a G-strong Daugavet operator if and only if T is
Proposition 2.4.
Let G ∈ S(L(X Y )).
For a linear bounded operator T acting from X the following assertions are equivalent:
Proof. The implication (ii) ⇒ (i) follows from Lemma 2.3, we present the proof of (i) ⇒ (ii).
At first, let us show that if T is a G-strong Daugavet operator, then T is unbounded from below. For ε ∈ (0 1/2) we take ∈ S(X ) such that G > 1 − ε. Put = −G / G . Then by Definition 1.1 there exists ∈ S(X ) with
Now we show that if T is a G-strong Daugavet operator, then for every ∈ B(X ) and ε > 0 there is 2 ∈ X such that T 2 < ε and + 2 = 1. We use the notation We pass on to the proof of (ii). Let 0 ∈ B(X ), 0 ∈ S(Y ) and ε > 0. Pick for 0 the corresponding 2 ∈ X with T 2 < ε/2 and 0 + 2 = 1. Lemma 2.3 implies that there exists ∈ X such that T < ε/2, 0 + 2 + < 1 + ε/2 and
Lemma 2.5 ([7, Lemma 3.9]).
For every τ > 0 and every pair of positive numbers there is δ > 0 such that if ∈ B(X ) and
Remark 2.6.
Let G ∈ S(L(X Y )) be a Daugavet center. Definition 1.2 easily implies that T ∈ L(X E) is G-narrow if and only if for every
Lemma 2.7.
Let G ∈ S(L(X Y )) be a Daugavet center. For T ∈ L(X E) the following assertions are equivalent:
( 
ii) For every ∈ S(X ), ∈ S(Y ), ε > 0 and every slice S = S( * α) of B(X ) containing there is ∈ S such that T ( − ) < ε and G
+ > 2 − ε. (iii) For every ∈ B(X ), ∈ S(Y ), ε > 0 and every * ∈ S(X * ) there is ∈ X such that T + | * ( )| < ε, + < 1 + ε and G + G + > 2 − ε. (iv) For every ε > 0, ∈ Y ,
every relatively weakly open set U ⊂ B(X ) and ∈ U there is ∈ U such that T ( − ) < ε and G
+ > 1 + − ε. Proof. The equivalence (i) ⇔ (ii) is proved in [1]; (i) ⇔ (iii)
Proposition 2.8.
Let G ∈ S(L(X Y )) be a Daugavet center, T be a G-narrow operator. Then for every ε > 0, every relatively weakly open set U ⊂ B(X ), ∈ U and A
Proof. We will prove this proposition by induction on . By item (iv) of Lemma 2.7 our assertion holds true for the case = 1. Suppose it is true for , let us prove it for + 1. Let A = { 1 +1 } ⊂ Y , and assume that we have already found ∈ U satisfying T ( − ) < ε/2 and for all = 1
we have G +
is a complement to a closed convex set, hence there is a weak neighborhood W of such that every ∈ W satisfies all the inequalities G +
Recall that an element ∈ A is a denting point of the bounded closed convex set A ⊂ X if for every ε > 0 there is a slice of A which contains and has diameter smaller than ε. A set A is said to have the Radon-Nikodým property if every closed convex subset B ⊂ A is the closed convex hull of its denting points. Operator T ∈ L(X Y ) is called a strong Radon-Nikodým operator if the closure of T (B(X )) has the Radon-Nikodým property.
For future references we recall the following result. 1 , and all strong Radon-Nikodým operators acting from X are G-narrow.
Proposition 2.9 ([1, Corollary 3]).
For a Daugavet center G ∈ S(L(X Y )) all weakly compact operators, operators not fixing a copy of
The Y -atom property and G-narrow operators
In [2] a renorming technique was developed which is based on the following concepts. 
Definition 3.2.
Let (E · ) be a normed space and Y be a subspace of E. An equivalent norm ||| · ||| on E is said to have the Y -atom property if it satisfies the following two conditions:
The existence of such norm was demonstrated in [2] for arbitrary E and Y ⊂ E, and the following fact was proved.
Theorem 3.3.
If G : X → Y is a Daugavet center, Y is a subspace of a Banach space E, J : Y → E is the natural embedding operator, and ||| · ||| is a norm with the Y -atom property on E, then J • G : X → (E ||| · |||) is a Daugavet center as well.
For a set A denote by FIN(A) the set of all finite subsets of A. For ε > 0, a linear bounded operator T acting from X and ∈ X denote
Let G ∈ S(L(X Y )) be a Daugavet center. For a linear bounded operator T acting from X the following assertions are equivalent:
(i) T is G-narrow.
( Proposition 3.5. Theorem 3.6.
Let G ∈ S(L(X Y )) be a Daugavet center, Y be a subspace of a Banach space E, J : Y → E be the natural embedding operator, and let the norm of E have the Y -atom property. Then for every Banach space Z an operator T ∈ L(X Z ) is (J • G)-narrow if and only if T is G-narrow.
Proof. Item (ii) of Lemma 2.7 easily implies that every (J • G)-narrow operator is
Let G ∈ S(L(X Y )) be a Daugavet center, Y be a subspace of a Banach space E and let J : Y → E be the natural embedding operator. Then E can be equivalently renormed in such a way, that the new norm coincides with the original one on Y and the following conditions hold true: (a) J • G : X → E is a Daugavet center as well; (b) for every Banach space Z an operator T ∈ L(X Z ) is (J • G)-narrow if and only if T is G-narrow.
Now we will show how the following two theorems can be proved applying Theorem 3.6.
Theorem 3.7.
Let G ∈ S(L(X Y )) be a Daugavet center and T
1 T 2 ∈ L(X Z ) be G-narrow operators. Then T 1 + T 2 is unbounded from below.
Theorem 3.8.
Let G ∈ S(L(X Y )) be a Daugavet center, the set of all G-narrow operators acting from X into a Banach space Z be a linear space, T ∈ L(X Z ) be G-narrow operators and the series ∈Γ T be pointwise unconditionally convergent. Then the operator ∈Γ T is unbounded from below.
In [5] these two results were obtained for the case of the Daugavet property, but with additional conditions on X and Z , and applied to prove that an unconditionally pointwise convergent series of narrow operators acting from L 1 to L 1 or from C (K ) to an arbitrary Banach space is a narrow operator again. To prove Theorems 3.7 and 3.8 we follow the original idea from [5] .
Remark 3.9.
Let G ∈ S(L(X Y )) be a Daugavet center
Proof. Assume Theorem 3.8 can be proved using the idea of the above proof and the following lemma which is a corollary of [2, Theorem 2.9]. 
Lemma 3.11.
Let G ∈ S(L(X Y )) be a Daugavet center, M ⊂ L(X Y
)
Proposition 3.12.
The natural embedding G : C X → C Y is a Daugavet center if and only if the following condition holds: for all ∈ Y , ε > 0 there exists ∈ S(X ) such that
Proof. Let G be a Daugavet center. Take ∈ Y and ε > 0. By Theorem 2.1 and Lemma 2.5 there exists ∈ B(C X ) with max
is the needed element from (1).
Let us prove the converse implication. By Theorem 2.1 we need to find for every ε > 0, ∈ S(C Y ) and * ∈ S(C * X ), ∈ S( * ε) with G + > 2 − ε. Take ∈ S( * ε). Let ∆ ⊂ [0 1] be a segment for which the following conditions hold:
Take a sequence of disjoint segments ∆ ⊂ ∆ and for every ∈ N fix a point ∈ ∆ . By (1) for every ∈ N there is ∈ S(X ) which satisfies
Pick ∈ C X supported on ∆ such that = + ∈ S(C X ) and ( ) = . Condition (2) and the choice of ∆ imply that { } weakly converges to 0. Consequently there exists a number 0 such that = 0 ∈ S( * ε) and
Proposition 3.13.
Let G ∈ S(L(X Y )) and T ∈ L(X E). Operator T is G-narrow if and only if T is a G-strong Daugavet operator.
Proof. Let T be G-narrow. Take ε > 0, ∈ S(X ) and ∈ S(Y ). Let ∈ S(C X ), ≡ and ∈ S(C Y ), ≡ . Then by item (ii) of Lemma 2.7 there is ∈ B(C X ) satisfying
Then by Definition 1.1, T is a G-strong Daugavet operator.
The proof of the converse implication is based on the same idea that the proof of the "if" part of Proposition 3.12.
Let ε > 0, ∈ B(C X ), ∈ S(C Y ) and * ∈ S(C * X ). Take a segment ∆ ⊂ [0 1], ∈ B(X ) and ∈ S(Y ) such that − ( ) < ε/4 and − ( ) < ε/4 for every ∈ ∆.
Since T is a G-strong Daugavet operator, by Proposition 2.4 there is ∈ X such that + < 1+ε/4,
Then for every ∈ ∆ we have
and
Take a sequence of disjoint segments ∆ ⊂ ∆ and points ∈ ∆ . Let : [0 1] → [0 1] be continuous functions supported on ∆ with ( ) = 1. Put = · . Then ∈ C X and by (4) we have
Since are disjointly supported and = , the sequence { } weakly converges to 0. Therefore | * ( )| < ε/2 for sufficiently big ∈ N. Inequality (3) implies T = T · < ε/4, hence
for big ∈ N. And finally, by (5) we have
Inequalities (6)- (8) and item (iii) of Lemma 2.7 give that T is a G-narrow operator.
Further in this section we will use the notation X = C [0 1] and Y = ∞ [0 1], where
We will use the symbol Id to denote the identity operator on X and J to denote the natural embedding of X into Y . Proof. We will use Theorem 2.1. Let ε ∈ (0 1) and
Corollary 3.16.
There exists a rank-1 operator T ∈ L(X Y ) which is not a J-strong Daugavet operator.
Proof. Assume that every rank-1 operator T ∈ L(X Y ) is a J-strong Daugavet operator. By Lemma 1.3, J + T = 1+
T for every rank-1 T . Then by the definition, J is a Daugavet center, but this contradicts to the above proposition.
Corollary 3.17.
There exists an Id-narrow operator T which is not J-narrow.
Proof. Let T ∈ L(X Y ) be a rank-1 operator which is not a J-strong Daugavet operator. Since X = C [0 1] has the Daugavet property, then every rank-1 operator is Id-narrow; in particular, T is an Id-strong Daugavet operator. Then Proposition 3.13 gives that T is Id-narrow and is not J-narrow.
G-rich subspaces
In this section we introduce analogs for the case of a Daugavet center of the concepts of a rich subspace and a wealthy subspace of a Banach space with the Daugavet property [7] . We prove the equivalence of these analogs using the original idea from [7] , but our proof turns out to be a bit easier and shorter.
Definition 4.1.
Let G ∈ S(L(X Y )) be a Daugavet center. A subspace E ⊂ X is said to be almost G-rich if the quotient map : X → X /E is a G-strong Daugavet operator. A subspace E ⊂ X is said to be G-rich if the quotient map : X → X /E is a G-narrow operator.
Theorem 4.2.
Let G ∈ S(L(X Y )) be a Daugavet center and E ⊂ X be a G-rich subspace. Then G E is a Daugavet center.
Proof. We will use Theorem 2.1. Take ε > 0, ∈ S(Y ) and * ∈ S(E * Lemma 4.8.
Let G ∈ S(L(X Y )) be a Daugavet center. A subspace E ⊂ X is almost G-rich if and only if E ∩ D G ( ε) = ∅ for every ε > 0, ∈ S(X ) and ∈ S(Y ).
Proof. If E intersects all the sets of the form D G ( ε), then the quotient map : X → X /E is unbounded from below on every such set. By Lemma 2.3, is a G-strong Daugavet operator, hence E is almost G-rich. Now consider the converse statement. If E is almost G-rich, then for every ε > 0 the map is unbounded from below on every set of the form D G ( ε/2). This means that there is an element ∈ E for which dist ( D G ( ε/2)) < ε/2. In this case belongs to D G ( ε), so the intersection of this set with E is non-empty.
Lemma 4.9.
Let G ∈ S(L(X Y )) be a Daugavet center and E ⊂ X be almost G-rich together with all of its 1-codimensional subspaces. Then E is G-rich.
Proof. Let : X → X /E be the quotient map and let * ∈ S(X * ); further let E 1 = E ∩ ker * and let 1 : X → X /E 1 be the corresponding quotient map. Then E 1 = E or E 1 is 1-codimensional in E. Now, in either case we have ( ) + | * ( )| ≤ 2 1 ( ) for all ∈ X . Since 1 is a G-strong Daugavet operator by our assumption, so is + * . Definition 1.2 and Remark 2.6 imply that is G-narrow.
Theorem 4.10.
Let G ∈ S(L(X Y )) be a Daugavet center. Then the following properties of a subspace E ⊂ X are equivalent:
(i) E is G-wealthy.
(ii) E is G-rich.
(iii) Every finite-codimensional subspace of E is G-rich.
Proof. The implications (iii) ⇒ (ii) ⇒ (i) follow from Remark 4.6. Now suppose (i). Every finite-codimensional subspace of E is G-wealthy by Remark 4.5. Hence by Lemmas 4.7 and 4.8, E is almost G-rich together with all of its finitecodimensional subspaces. Then Lemma 4.9 completes the proof of (i) ⇒ (iii).
